It is well known that quantum states that can be transformed into each other by local unitary transformations are equal from the information theoretic point of view. This defines equivalence classes of states and allows one to write any state with the minimal number of parameters called the canonical form of the state.
I. INTRODUCTION
Quantum entanglement is not only the most fascinating aspect of quantum mechanics, but it is also used as a resource in quantum information processes. The use of quantum entanglement as a resource requires a deep understanding of how the states are transformed under local operations and classical communication (LOCC). Two-qubit maximally entangled Einstein-Podolski-Rosen (EPR) state, 1 √ 2 (|00 + |11 ), is used as a resource in perfect quantum information processes such as teleportation [1] and dense coding [2] . If the resource is a mixed state of two qubits, then the fidelity of the teleportation can be increased by the manipulation of the quantum state by LOCC [3] [4] [5] [6] . In the case where the resource is a nonmaximally entangled pure state, √ 1 − a 2 |00 + a |11 (0 ≤ a ≤ 1/2), it is possible to perform the task with some nonzero probability [7, 8] . An alternative way is concentrating the partial entanglement by local operations and then performing the information task with unit probability [9] . Optimal concentration of an EPR state can be obtained by a measurement of one of the qubits with the positive operator valued measurement (POVM) elements
This method is called the Procrustean method [9] as the state is either transformed to an EPR state with a probability of P = 2a 2 or else to a separable state. It is also possible to obtain any partially entangled state from an EPR state with unit probability. One can obtain the partially entangled state by the measurement of one of the qubits of an EPR state with POVM elements
followed by local unitary transformations.
While the entanglement of two qubits is well understood, many problems still remain unsolved for higher-dimensional systems. One of these problems is the optimal manipulation of states both from a single copy or from many copies. Optimal manipulation of a single copy of a state is of importance from the practical point of view, as experimentalists are not able to perform joint operations on multiple copies of the system in general. Nielsen [10] used the algebraic theory of majorization and obtained necessary and sufficient conditions for the entanglement transformation of two pure states of a bipartite system. An optimal local conversion strategy of these states was proposed by Vidal [11] . Although an extension of Nielsen's theorem to three-qubit pure states has recently been obtained by Tajima [12] , there is no straightforward generalization to the multipartite systems. In the three-qubit case, there are two classes of tripartite-entangled states which cannot be converted into each other by stochastic local operations and classical communication (SLOCC), namely, the Greenberger-Horne-Zeilinger (GHZ) and W class states [13, 14] . It has been shown that the minimal number of product terms for any given state remains unchanged under SLOCC and the minimal number of product terms is three for W class states. Any GHZ class state, on the other hand, can be written as the sum of two product vectors uniquely in the standard product form
where
|ϕ C = c γ |0 + s γ |1 , (|001 + |010 + |100 ), and the GHZ state
are the representatives of the W and GHZ classes, respectively. Any GHZ class state given by Eq.
(3) can be obtained by the application of the invertible local operators
and the probability of success, the two-term product decomposition of the GHZ class states to obtain the upper bounds for the optimal probability of transformation from a GHZ state to other states of the GHZ class. The complexity of the optimal transformation of multi-qubit systems is mainly due to the large numbers of parameters coming from the general local operators since the general local operators acting on qubits are two-by-two complex matrices in general.
The optimal manipulation of the GHZ and W states is important because they are used as a resource in quantum information processes [16] [17] [18] [19] [20] [21] . The optimal distillation protocols for symmetric and asymmetric three-qubit W states were proposed in [22] . Kintas and Turgut obtained an upper bound for the maximum probability of transforming N-qubit W states [23] and the necessary and sufficient conditions to obtain this upper bound were presented by Cui et al. [24] . The optimal local transformations of flip and exchange symmetric multiqubit states were obtained in [25] . Sheng et al. proposed practical two-step entanglement concentration protocols for some W class states [26] . The first GHZ state distillation protocols [27] consisting of two stages, primary and secondary distillations, were not optimal. Acin et al. [28] used one successful branch protocol in the the optimal concentration problem starting with the two-term product decomposition of a GHZ class state and obtained some partial results.
We approach the quantum-state manipulation problem from a different perspective by using the canonical form of states presented in [29, 30] and the equivalence classes of local operators. The use of equivalence classes reduces the number of parameters and hence simplifies the manipulation problem since local operators which transform the states from one equivalence class into another with the same probability are equivalent. Moreover, the conversion probabilities and measurement operators can be found in terms of the unitary invariants of the quantum state.
We present the paper as follows: In Sec. II, we start with the canonical form of a general GHZ class pure state and discuss the equivalence classes of local POVMs. These equivalence classes are used to obtain the maximum success probabilities and measurement operators for the optimal concentration of the GHZ states in Sec. III. In Sec. IV, we present discussion and summary.
II. CANONICAL FORMS OF STATES AND OPERATIONS ON THREE-QUBIT PURE STATES
First, we define the notation for the equivalence relations for states and operations. Two states |φ and |φ ′ are in the same equivalence class (|φ ∼ |φ ′ ) if they can be transformed into each other by local unitary transformations. Two operators A and A ′ are in the same equivalence class (A ≡ A ′ ) if they both transform states in one equivalence class, |ψ i , to states in some other equivalence class with the same probability of success, i.e., the operators A and A ′ are equivalent (A ≡ A ′ ) if they satisfy the following relations:
Following the approach presented by Acin et al. [29, 30] , we define the canonical form of the GHZ class states which we are going to use in the concentration. Any three-qubit state
defines matrices T 0 and T 1 by
Under the unitary transformation on the first qubit, the matrices T 0 and T 1 transform as
It is always possible to make detT ′ 0 = 0 and the unitary transformations on the second and third qubits diagonalize T ′ 0 which bring the state to the canonical form given by
However, the parameters λ i and ϕ do not uniquely determine the the state (the equivalence class) because there are two solutions for detT ′ 0 = 0, and this leads to two sets of parameters for the canonical form. The state with the other set of parameters can be found to be
The equivalence of the states given by Eqs. (11) and (12) under local unitary transformations can be explicitly shown as follows: the following unitary operators
applied to parties A, B and C respectively will transform the state Eq. (11) into the state Eq. (12).
It follows from Eq. (13) that λ 0 λ 2 = λ 0 λ 2 and hence one may conclude that λ 0 λ 2 is invariant under local unitary transformations. In this way, the five unitary invariants can be found to be
where τ is three-tangle [31] and C ab is the concurrence between qubits 1 and 2, etc. We use Eq.
(13) to remove the ambiguity in the definition of the canonical form and define the equivalence classes uniquely in terms of the parameters of the canonical form. By using the property
we choose the state with K > 1 as the canonical form. In the case where K = 1, we obtain K = 1, λ i = λ i , and ϕ = 2π − ϕ, and we choose 0 ≤ ϕ ≤ π as the canonical state. If the three-tangle is nonzero, then the three-qubit state is of GHZ class. If three-tangle is zero and the reduced density matrices ρ A ≡Tr BC |ψ ψ|, ρ B , and ρ C have rank two, then the state |ψ is a W -class state.
We consider that the most general local operator
acts on the first qubit which transforms the state given by Eq. (11) into
with a probability of p A = ψ| ((A ′ ) † A ′ ⊗ I B ⊗ I C ) |ψ and then the resulting state can be brought into the canonical form by local unitary transformations to give
Using the fact that the action of the POVM operator
on the first qubit transforms the state (11) into the state (19) with the same probability p A , we conclude that the operators given by Eqs. (17) and (20) are in the same equivalence class (A ′ ≡ A).
Hence, the canonical local operator on the first qubit can be taken as
The fact that the probability of any transformation should be less than or equal to unity (P = ψ| A † A |ψ ≤ 1) implies that the eigenvalues of A † A should be less than or equal to one. This leads to a constraint on the parameters given by
The parameters a 1 , c 1 , and d 1 satisfying the inequality (22) and α 1 uniquely determine the equivalence class. Now we consider that the most general transformation
is performed on the second qubit and the state given by Eq. (11) is transformed into the state
with probability 
It can similarly be shown that the canonical operator on the third qubit is of the form
The condition that eigenvalues of B † B and C † C should be less than or equal to one leads to the constraint
The parameters a i , b i , and d i satisfying the inequality (29) and α i uniquely determine the equivalence classes.
III. OPTIMAL MANIPULATION AND CONCENTRATION OF GHZ STATES
In this section, we discuss the optimal manipulation of three-qubit pure states using one successful branch protocol (OSBP). In this protocol, we maximize local success probabilities and the state is either transformed into the desired one or else the particle is disentangled from other particles. Maximization of the probability imposes some conditions on the operators. Two operators A andÃ = αA (α: constant) make the same transformations on states
with probabilities p andp = |α|p, respectively. By choosing α it is possible to increase or decrease the transformation probability for any transformation. However, the value of α and hence the probability is restricted by the condition that the greater eigenvalue of A † A can not exceed one. Hence, the transformation probability is maximum when the greater eigenvalue is one [i. e., If the transformation A ⊗ B ⊗ C |ψ gives the desired state then the probability maximization of this transformation requires
det(I
which imply that the state is either transformed into the desired state or otherwise disentangled (i.e., we are using OSBP).
The problem is the optimal transformation of the generic state given by Eq. (11) into the state
by the action of all three parties
where P = ψ| A † A ⊗ B † B ⊗C † C |ψ . We now impose that the transformed state given by Eq. (33) is the GHZ state and obtain the conditions
and the probability of success turns out to be
The maximization of the local probabilities given by Eq. (31) leads to the following constraints
The problem of optimal concentration of the GHZ state using OSBP is reduced to the problem of the maximization of the probability given by Eq. (35) subject to the constraints given by Eqs. (22), (29), (34) and (36). The solution for the most general case, where all bipartite entanglements C ab , C ac , and C bc are nonzero, requires numerical calculations. However we find the analytical solutions in terms of the concurrences and the three tangle in the cases where at least one of the concurrences is zero. In these cases, complex phases in the states can be eliminated using local unitary transformations. For example, in the case C ab = 0 (λ 3 = 0) the general state turns out to be
However, the complex phase can be eliminated by the local unitary transformations
i) States with no bipartite entanglement (C ab = C ac = C bc = 0): In this case the canonical form of the state is given by
The local operation λ 4 λ 0 |0 0| + |1 1| on one of the qubits is sufficient to obtain the GHZ states with the maximum success probability given by
Since the three tangle, τ, is an entanglement monotone, so is P max .
ii) States with only one nonzero bipartite entanglement (e.g., C ab = C ac = 0, C bc = 0): In this case the canonical form of the state is given by
We find that the concentration of the GHZ state depends solely on the party A: The parties B
and/or C cannot obtain the GHZ state, but only party A has this privilege. The solutions for the local operators and the maximum probability are found to be
We note that if the bipartite entanglement exists only between two qubits, the concentration probability depends only on the three-tangle, not on the bipartite concurrence as given by Eq. (42).
From symmetry it is straightforward to find the optimal distillation protocols for the other states in this class: The states
can be optimally transformed to the GHZ state by the operators
respectively, with the maximum probability given by Eq. (42).
(iii) States with only one vanishing bipartite entanglement (e.g., C ab = 0, C ac = 0, C bc = 0): In this case, the canonical form of the state is given by
We find that the condition C ab = 0 together with the maximization of the local probabilities given by Eq. (36) leads us to the result that a 3 = d 3 = 1, b 3 = 0, and any operation other than the unitary transformation on the third qubit reduces the probability of obtaining the GHZ state. By using the transformation given by Eq. (33), it can be shown that neither party A nor party B can concentrate the GHZ state alone, but the combined action of both parties A and B is necessary to obtain the GHZ state. We find the solution for the maximum success probability given by
To prove that no concentration protocol can give a greater probability, one needs to show that the inequality
is satisfied for any sequence of local quantum operations that transform |ψ into |ψ i with a probability p i . The right-hand side of the inequality (48) is the average probability of obtaining the GHZ state using several branches, whereas the left-hand side is the probability for OSBP. By taking into account that any POVM can be decomposed into a sequence of two-outcome POVMs [28] , it is sufficient to show
where |ψ 1 and |ψ 2 are obtained by the most general POVMs on one of the qubits. We start with a two outcome POVM with operators
acting on the first qubit and satisfying
The states to give the maximum probabilities P(|ψ 1 ) and P(|ψ 2 ) for the concentration of the GHZ state.
To check if the inequality (49) is satisfied, we maximize p 1 P(|ψ 1 ) + p 2 P(|ψ 2 ) and find that the maximum is obtained for P(|ψ 1 ) = 0 or P(|ψ 2 ) = 0, which proves that no concentration protocol can produce a higher probability of success than the OSBP we present.
IV. RESULTS AND DISCUSSION
One of the main difficulties in the optimal manipulation problem of multipartite entangled states is that there are too many parameters coming from the general forms of the states and local operations. The use of equivalence classes significantly reduces the number of parameters as the states that can be transformed into each other by local unitary transformations are equal from the information theoretic point of view. In addition to the equivalence classes of states, we define the equivalence classes of local measurements such that local operations which transform states from one equivalence class into another with the same probability are equivalent. This approach does not only simplify the concentration problem, but also the results arise in terms of the local unitary invariants of the quantum states, namely, bipartite concurrences and the three-tangle.
We find that when there is no bipartite entanglement between particles (C ab = C ac = C bc = 0), the optimal concentration of the GHZ state can be obtained by a single measurement on any one of the particles. In the case where there is bipartite entanglement between only two particles (e.g., C ab = C ac = 0, C bc = 0), the optimal concentration of the GHZ state can only be done by a measurement on the particle which has no bipartite entanglement with the other two as given by Eq.
(43). We obtain the interesting result that the maximum success probabilities for both cases, states with no bipartite entanglement and states with only one nonzero bipartite entanglement, depend only on the three-tangle as given by Eqs. (40) and (42). We also find that the optimal concentration of states with only one vanishing bipartite entanglement (e.g., C ab = 0, C ac = 0, C bc = 0) can only be obtained by local measurements performed by the parties A and B with the maximum success probability given by Eq. (47). We may conclude that the use of equivalence classes of local measurement operators simplifies the optimal manipulation problem and may be used for the manipulation of other multi-partite states.
